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The rotating shallow water model

Primitive variables:

Velocity and height fields: (u, h) .

Non-dimensional model:

ε (∂tu + u · ∇u) + u⊥ +∇h = 0 ,

∂th+∇· (hu) + h0∇· u = 0 ,

h0 =
H0

H
, T =

L

U
, ε =

U

fL
.

Geostrophic balance:

ε� 1 , uG =∇⊥h .

Semi-geostrophic scaling:

h = O(1) , t = O(1/ε) .
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Optimal balance

Underlying idea:

• Build a ”slow manifold”, (δ, γ) = F (q) ,

• slow deformation to the linear shallow
water equations,

• ramp function ρ : [0, 1]→ [0, 1]. 	0
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Optimal balance model: The boundary value problem

ε(∂tu + ρ (t/T )u · ∇u) + u⊥ +∇h = 0 ,

∂th + ρ (t/T )∇· (hu) + h0∇ · u = 0 ,

with linear-end and nonlinear-end boundary conditions,

PG(û, ĥ) = 0 , q(T ) = q .

Gottwald, Mohammad, Oliver (2017).
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Linear-end boundary condition

Task: Build projection matrices to decompose (u, h) .

Linear model: At t = 0,

ε∂tu+ u⊥ +∇h = 0,

∂th+ h0∇· u = 0 ,

• for spectral representation ẑ = (û, v̂,ĥ) :

∂

∂t
ẑ = iAẑ , A =

 0 −i/ε −k/ε
i/ε 0 −l/ε
−h0k −h0l 0

 ,

• Rossby (geostrophic) mode: w0 = 0, and

gravity-wave (ageostrophic) modes: w2
1,2 = (εh0(k + l)2 + 1)/ε2 ,

• define projections PR and PG = (I − PR):

ẑ = PGẑ + PRẑ .
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Primitive and geostrophic-ageostrophic variables

Task: (u, h) ⇒ (q, δ, γ)

Geostrophic variable:

q =
ε∇⊥ · u+ 1

h0 + h

Ageostrophic variables:

δ =∇ · u

γ =∇⊥ · u−∆h

Task: (q, δ, γ) ⇒ (u, h)

PV inversion equations:

(−q + ε∆)h = −εγ + qh0 − 1 ,

u =∇⊥ψ +∇φ+ ū,

∆ψ = ζ, ∆φ = δ.
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Optimal balance algorithm

Schematic of optimal balance to the rotating SWE

εt = 0 :

ετ = T :

ετ = 0 :

(u, h)

(u, h) (uT , hT )

backward
scheme

Linear BC

PG(û, ĥ) = 0

forward
scheme

(q, δ, γ)(qT , δT , γT )

||qT − q||/||qT || < κ⇒ (qT , δT , γT )

||qT − q||/||qT || > κ⇒ (q, δT , γT )

Nonlinear BC
qT = q

⇑

(u′, h′)

balanced flow
(uT , hT )

PV inversion and iterate
with a new (u, h) flow

forward in SWE

εt = t′ :

(u′′, h′′)

(u′′, h′′) (u′′T , h
′′
T )

rebalancing
with the same

iterative procedure

(q′′, δ′′, γ′′)

(q′′T , δ
′′
T , γ

′′
T )

after q′′T → q′′

take rebalanced
flow (u′′T , h

′′
T )

solving BVP

compute I

t-evolution

Diagnosed imbalance:

I = ||(δ′′T , γ′′T )− (δ′′, γ′′)||/||(δ′′T , γ′′T )||
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Diagnosed imbalances I(T ) for ε = 0.1

ε = 2−m/2, m = 2, · · · , 11
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Diagnosed imbalances I(ε), εt = 0.03
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I(ε) for different ramp functions ρ, εt = 0.06
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Conclusion

• Longer ramp time T up to optimal value provides

smaller I .

• The method works with balance state q and oblique

projection at optimal computational effort.

• Linear BCs (oblique and orthogonal projection) have an

impact on the process but not on the solution that the

algorithm converges.

• Cosine ramp function excites smaller imbalances for

middle-range ε values.
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