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Introduction

What do | need to know?

Required:
9 Linear algebra: matrices, eigenvalues
@ Ordinary differential equations
@ Analysis in R?: gradient, divergence theorem,
Fourier analysis
Optional:
@ Functional analysis: Hilbert spaces
@ Partial differential equations: heat equation,
Sobolev spaces ity g
@ Numerical analysis: differential equations, Image: Freepik.com
finite differences

Most of these tools will be introduced during the lecture
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Introduction Multi-species systems

Multi-species systems

Examples:
@ Animal populations: observing, predicting, harvesting
@ Fluid mixtures: heliox (diving, asthma), biofilm reactors, air pollution
@ Cell dynamics: tumor growth, ion transport through membranes
@ Electrolysis: lithium-ion batteries, production of hydrogen from water

Nature is generally composed of multi-species systems! J

Mathematics: modeling — analysis — numerics — simulations
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Introduction Multi-species systems

How to model multi-species systems?

Microscopic models:
@ Discrete-time Markov chains: u;(tx) probability distribution at cell i

N
ui(tert) Z uj(te)Pji,  Pji = probability j — i, Y Pj=1
J=1 N j
& ui(tirn) — ui(t) =Y (ui(t) Pii — uite) Py)
j=1

— matrix-vector multiplication
@ Time-continuous Markov chains: divide by At, replace P — AtPj;,

and perform limit At — 0:

N

(1) =>_ (u(t)Pji — ui(t)Pg), t>0,i=1,...,N

Jj=1

du;
dt

— system of N differential equations
@ Particle models: Newton's law for position of ith particle with mass
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Introduction Multi-species systems

How to model multi-species systems?

Macroscopic models:
@ Stochastic differential equations: W;(t) Brownian motion

u;(t)—u;(O):/O F,-(u(s),s)ds—l—/o o(u(s))dWi(s), i=1,...,N

Lebesgue integral 1t integral

@ Kinetic equations: distribution function f(x, p, t) depends on (x, t)
and trait parameter p (like age, size, maturity)

of; .
i pVifi= Qf), i=1,....N
Ot ~—— SN——

transport  collisions
@ Diffusive equations: deterministic dynamics for particle densities
ou;
ot

—_ AU,‘ :f;-(L[,t)7 I:].,,N
~— ——
diffusion reactions

— partial differential equations
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Introduction Multi-species systems

History of population dynamics

Exponential growth: Malthus 1798

o Discrete: u(txy1) = u(ty) + AAtu(tx), growth rate A

i(u(tkﬂ) —u(ty)) = Au(tk), At—0:

U (t) = du(t)

@ Solution: u(t) = u(0)eM, unrealistic for large times

Logistic growth: Verhulst 1838
o Carrying capacity k > 0:

o :)\u(l— “), u(0) = up

K

@ Solution: u(t) = W t>0

o Large times t — oo u(t) = K
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Introduction Multi-species systems

History of population dynamics

Predator-prey model: Lotka-Volterra 1925/26
@ Number of preys: u; (e.g. rabbits), predators: up (e.g. foxes)
@ Equations:
uy = u1(b1o — braup) = exponential growth — predation
Uy = up(bp1uy — bag) = growth depending on preys — death rate

@ Solutions are periodic in time

Linearized version prey

predator

_/\/\/\ Goal:
\_/'\/\_/ Include spatial

effects (diffusion)

population

time

© AspidistraK, Lotka Volterra dynamics.svg
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Introduction Multi-species systems

History of population dynamics

Fisher-Kolmorov model: (1937)

]
]

Assume: temporal change = spatial diffusion + logistic growth
Diffusion: net movement of particles from higher to lower

concentration region (derivation below)
Equation: population density u(x,t), Au = 27:1 %
Oru=Au+u(l—u), t>0

Large times: competition between diffusion u(t) — 0 and reaction
u(x,t) — 1 (carrying capacity)
Traveling-wave solutions: insert ansatz u(x,t) = v(x — ct)

Vi(z) = V'(z2) = v(z)(1 - v(z)), z=x—ct

gives second-order differential equation

There exist solutions v(z) with lim,_,_o v(z) =0, lim,o v(2) =

if c>2
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ST
History of population dynamics

Fisher-Kolmorov model:

Oru=Au+u(l—u), t>0
@ There exist solutions v(z) with lim,—_o v(z) =0, lim,, v(z) =1
if c>2

@ Interpretation: solution u(x,t) = v(x — ct) switches from equilibrium
state v = 0 to equilibrium state u =1

o 0.2 0.4 0.6 0.8 1

Bonizzoni-Braukhoff-A.J.-Perugia 2019
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Introduction Short primer on diffusion equations

Elements of analysis

o Let Q C R be a bounded domain with smooth boundary,
let u:Q — R be “smooth”

: . _ (Ou ou \T
o Gradient: Vu = (52,...,57%)
@ Divergence: divv =", g)‘ﬁ forv=(v1,...,vp): Q= R"
. 2
o Laplace-Operator: Au=divVu=>", %

@ Divergence theorem: let u, v € C2(Q) N C%(Q), v: exterior unit
normal vector to OS2

/Auvdx:—/Vu-Vvdx—i-/ (Vu-v)vds
Q Q Elo)

© Nicoguaro,
Surface normals.svg
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Introduction Short primer on diffusion equations

Partial differential equations:

@ The equation
f(@tu, Oxu, Oy u, Oxxl, Oyy Ui, Oxxy U, . .. ) =0

is called a partial differential equation

@ Initial condition needed to determine constant from integrating O:u

@ Boundary conditions needed to determine constants from Oy u, etc.
Parabolic equations:

@ The equation d
0%u
Oru — Z ajj(x, t,u, Vu)aX@X. = f(x,t,u, Vu)

ij=1 =

is parabolic if A= (ajj) is symmetric & has only positive eigenvalues,
i.e. if A is symmetric and positive definite
@ Special case:

oou=Au = A= (1 0) has one eigenvalue A=1>0

01
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Sz e O T G
Diffusion equation

Oru=Au inQ, t>0, wu(0)=uw, wuv=0 ondQ
How to solve this equation?
@ Orthonormal basis (v;) of eigenvectors of —Av; = Ajv; in Q, v; =0
on 0% (existence guaranteed by spectral theorem)
o Fourier analysis: u =Y, (u, vi)vi, (u,vi) = [ uvidx
@ Multiply equation by v;, integrate over €2, and integrate by parts

Oe(u, vi) = (Au,vi) = (u, Av;) = =Xi(u, v;)
@ Fourier coefficient a;(t) = (u(t), v;) solves differential equation
Orai = —Niai = a;i(t) = e Nta;(0)

@ Solution:

t) =Y ai(t)vi(x Ze (o, vi)vi(x)
i=1
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Introduction Short primer on diffusion equations

Diffusion equation
Oru=Au inQ, u(0)=uy, u=0 ond
t=20 t=05 t=2

0.5

—o

y X
Boundary conditions:
@ Dirichlet condition: u =0 on 01, fixes values on boundary
@ Neumann (no-flux) condition: Vu-v =0 on 99, no outflow

(v: exterior unit vector on 9%2)
@ Robin condition: Vu-v + au = 3 on 09
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Introduction Short primer on diffusion equations

Overview

@ Introduction

@ Multi-species systems

o Short primer on diffusion equations
© Modeling
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© Numerics
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@ Time discretizations
@ Space discretizations

Ansgar Jingel (TU Wien) Cross-diffusion systems asc.tuwien.ac.at/~juengel

16 / 76



Modeling Derivation from lattice model

Derivation from lattice model: single species

@ Temporal change of particle number = incoming — outgoing particles
@ Lattice with mid points (x;, yj), where x; = in, yj = jn, n >0

o uj = u(t, x;,y;) = population number (i, /) at time t
@ p = transition rate (to simplify: constant)

d
Ui = Py + Uim1j + Uijo1 + Uijr1) — 4puj

= p(u,urlJ — 2u,-j + u,-,ld-) + P(Ui,j+1 — 2UU + u,',jfl)

J+l h) i+ L
|7 T
& |
i| @@=t ¢——0 j € = >
Pl |p P 1 P
l i
i1 - j-1 P
i—1 i i+l -1 i i+1
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Modeling Derivation from lattice model

Taylor approximation

. 2
@ Abbreviate: O ujj = %(x,-,yj), OxxUjj = %(x,-,xj-) etc.
@ Taylor approximation of ujt1; = u(x; £1,y;), y; fixed

2

Uip1j = Ujj + 1n0xuij + %5 Oxctjj + R3(1)
2

Ui—1j = uj — nxujj + 5 Oxctjj + Ra(1)

sum:  Ujt1j — 2u,~j + U1 = 7]23XXUU + R3(77)
@ Taylor approximation of u;j+1 = u(xi,y; £1), x; fixed
ujj1 — 2uj + uij_1 = 170y, uj + Ra(n)

@ Master equation:
d

ot = Pluivey — 2uy + vim1g) + p(uijr — 2uj + vij-1)

= T]2P8XXU,'J' + ’r}2p8yy uj +2R3(n) = 7/2pAu,-J- + 2R3(n)
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Modeling Derivation from lattice model

Diffusion limit

d 2 . 2
g Ui =11 PAU; + 2R3(n), 4@0 R3(n)/n° =0

(]

Problem: limit 7 — 0 leads to trivial dynamics
@ Solution: consider “large” time scale, t — t/n?, Oy — 17%0;

d .
<l = PAU; + 2R3(v) /17, lim Ry(n)/n* =0

o Diffusion limit n — 0:
Oru(x,y, t) = Au(x, y, t) == Owu(x,y, t) + Oy u(x, y, t)

@ To be solved in bounded domain Q C R?
@ Initial conditions: u(x,y,0) = up(x,y) in Q
@ Boundary conditions: for instance u(x,y,t) =0 on 9Q
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2 G e
Derivation from lattice model: multiple species

p;(u,) mﬁ(u )

+1]...

@ Master equation for particle number uj(x;):

8‘-L"]J(X’)_p_/l luJ(X’ 1)+pjl+1uJ(X’+1)

- (Pj,,' + Pj7i)uj(Xi)

i

u'u

p (u/+l)

@ Transition rates: pfi = pj(u(xi))

@ One-dimensional case to simplify notation

@ Taylor expansion, diffusion scaling, formal limit 7 — 0 leads to system
of diffusion eqs. (Zamponi-A.J., Ann. IHP 2017)

atu,—(?(ZA,J auj>:8XX(u;p;(u)), i=1,....n

@ Diffusion matrix A (Ajj) with

op;
Ajj(u) = 6;pi(u) + Uiau_(u)
J

@ Multi-dimensional case analogous: 9:u; = A(u;pi(u))
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Modeling Derivation from lattice model

Cross-diffusion systems

op;
Aj(0) = bipi(w) + i (1)

Example: pi(u) = ajo + aiu1 + apptn, i = 1,2

Au) = aio + 2a11u1 + anuo appuy
agilp azo + az1u1 + 2axnur

— not symmetric, not positive definite
General cross-diffusion systems: d;u — div(A(u)Vu) = f, i.e.
n
Orl; — dinA;j(u)Vu,' =f, i=1,...,n
j=1
— nonlinear diffusion matrix A(u), thus Fourier method does not apply!

Parabolicity: We call cross-diffusion system parabolic in the sense of
Petrovskii if the real parts of all eigenvalues of A(u) are positive.

Example: eigenvalues of A(u) are A\y/» > (a10 + a20)/2 >0
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Cross-diffusion systems
Oru —div(A(u)Vu) =1f, uv=(u1,...,un)
Special cases:

o A(u) = unit matrix: O;u; — Au; = 0 — (decoupled) diffusion egs.
o A(u) =diag(a1,...,an):

Oru; —div(a;Vu;) = i —  reaction-diffusion equations
@ A(u) = upper triangular matrix:

Orup — div(apVu,) =f, —  gives solution up,
Orup—1 —div(apn—1Vup—1 + anVu,) = f,_1  —  gives solution u,_1

Orun —div(asVur + -+ a,Vup,) =fi  —  gives solution u;

@ A(u) = full matrix: full cross-diffusion system
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Modeling Derivation from fluid model

Derivation from fluid model

@ Mass and momentum balance equations:
Oeuj +div(uiv) =0, i=1,...,N
c0(upv;) + ediv(ujv; @ v;) —divS; = f;

@ Mass densities: u;, velocities: v;, stress tensor: S;
n
o Force term: f; =} 1 kjujui(v; — vi)
@ Mass balance: by divergence theorem 0, fRd uidx =0

= mass [, uj(t)dx conserved for all time
@ Momentum balance: ¢ < 1 means small inertia effects

Example 1: £ =0 and S; = u;p;(u), nonlinear pressure p;
Simplification: kjj =1 gives Zf:l kijuiui(vi — vi) = —ujv;

Oru; +div(ujvi) =0, div(uipi(u)) = —ujv;
= Oui — A(uipi(u)) =0 (population model)
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Modeling Derivation from fluid model

Derivation from fluid model

Oruj +div(ujvi)) =0, i=1,...,N
edt(ujvi) + ediv(ujv; @ vi) —divS; = f;
Example 2: e =0and S; = u;, Y i  uj = 1,,7 Zj’le ujvi =0
Oruj +div(ujvi) =0, Vu; = Z kijuiuj(vi — v;)
— Maxwell-Stefan diffusion system :

@ Problem: }°7 ; Vu; =0, relation Vu; <> v; not invertible

@ Solution: invert on orthogonal complement of kernel

Oruj +div(ujvi) =0, —ujv; = ZAU u)Vu;

@ Gives cross-diffusion system with matrix (A;(u)) which is generally
neither symmetric nor positive definite
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Modeling Examples

[J Population model of Shigesada-Kawasaki-Teramoto

Oru — div(A(u)Vu) = f(u) in Q, t >0, wu(0)=1u’, no-flux b.c.

@ u = (u1,u2) and u; models population density of ith species
@ Diffusion matrix: (a; > 0)

Alu) = a0 + aiuy + appu2 aipuy
au2 agp + ag1un + agup
@ Suggested by Shigesada-Kawasaki- ‘ |
Teramoto 1979 to model segregation "
@ Lotka-Volterra functions: Wl
fi(u) = (bjo — bjrur — bjau2)u;
@ Diffusion matrix is not symmetric,
generally not positive definite

Figure: Black residential segregation in Milwaukee | & \
(blue dots) US Census Bureau 2002
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Modeling Examples

] lon transport through membranes

Oru — div(A(u)Vu) = f(u) in Q, t >0, u(0)=u®, no-flux b.c.

Central in biological processes such as neural signal transmission and
electrical excitability of muscles
o (u1,...,up) ion volume fractions, u, =1 — Zj"z_ll uj
@ Diffusion matrix for n = 4:
Dl(l — Uy — U3) D1U1 D1U1
A(U) = D2U2 D2(1 —u — U3) D2U2
D3U3 D3U3 D3(1 — uy — U3)

@ Derived by Burger-Schlake-Wolfram 2012 from lattice model
@ Electric field neglected to simplify

o Diffusion matri lly not F
Iffusion matrix generally no ® ° o

O
®

ositive definite — expect that S ® O
P P ® coovoee O °®

0<u<1 O DA —
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Modeling Examples

[l Multicomponent gas mixtures

Oru — div(A(u)Vu) = f(u) in Q, t >0, u(0)=u®, no-flux b.c.
Volume fractions of gas components uy, up, u3 =1— 11 — p

Diffusion matrix: 6(u) = dida(1l — u3 — up) + do(drur + daun)

_ 1 (ot (d—d)u  (do—d)u
Al = 5 ( (do — o)y i + (do — dl)u2>

(]

Upper respiratory tract

@ Application: Patients with airway obstruction il =
inhale Heliox to speed up diffusion Em i’“}l

@ Proposed by Maxwell 1866/Stefan 1871 e vossonrach

@ Duncan-Toor 1962: Fick's law (J; ~ Vu;) not Ehybh \\vgl ’
sufficient, include cross-diffusion terms Lungs ;ﬁ

@ Boudin-Grec-Salvarani 2015: Derivation from

Boltzmann equation for simple mixtures http://cancer.gov,  lllu
conducting passages.svg
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Modeling Examples
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Mathematical properties

Diffusion equations: Oiu — Au = f

@ Maximum principle: u>0att =0 and on 9Q, f > 0 = u(t) > 0 for
allt >0

@ Regularity: u smooth on 0%, f smooth = u(t) smooth for all t > 0

Reaction-diffusion systems: O;u; — a;Au; = fi(u)
@ Maximum principle: still holds if f; appropriate

@ Regularity: it may happen that 37" > 0: lim;_, 7= sup, |u(x, t)| = o0

Cross-diffusion systems: Oru — div(A(u)Vu) = f
@ Maximum principle: does not hold generally!
@ Regularity: does not hold generally!

@ New mathematical ideas necessary, consider only physically motivated
systems
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What makes cross-diffusion systems special?

Diffusion-induced instability:
@ ODE system u! = fj(u) has linearly stable constant equilibrium
@ Adding (cross-) diffusion, constant equilibrium may become unstable
@ May lead to physically desired pattern formation (Turing 1952)
Uphill diffusion:
@ Fick’s law: J; ~ Vu;, i.e., flux proportional to density gradient
o Cross-diffusion: J; ~ Vu; (i # j), i.e., density gradient of a species
causes change of flux of different species
Segregation:
@ Solutions may be segregated, i.e. if u?ud = 0 then uy(t)ux(t) = 0 for
all t > 0 (Bertsch et al. 1985)
Blow-up in finite time:

@ Solutions may lose Holder continuity in finite time, i.e., e COr =
3T* > 0: u(T*) ¢ CO« (Stard-John 1995)
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BT
Getting ideas from thermodynamics

Oruj +div(ujvi) =0, i=1,...,n
Assumption: dynamics driven by Helmholtz free energy £ = £(u)
@ Chemical potentials: u; := 9&/du;
@ Pressure: p:=—&+ Y7 ujp;
o Entropy density: s := —& (constant temperature)
@ Darcy law: v; = —Vp, pressure p = p(u)
"\ 0

n n n
Vp=— aU.Vu,- + Z Vuipi + Z UiV = Z UiV pi

Cross-diffusion equations:

n n
o€
Oju; = div(ujVp) =di UiV =di iUV
iU iv(u;Vp) |vjz1 uiuiV i |vjz1 uju; o0,
@ Formal gradient flow with diffusion matrix Bjj = u;u; which is
symmetric and positive semidefinite (Onsager principle)
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Gradient flows

@ Definition: d;u = — grad £(u) on differential manifold
@ Example: RY with Euclidean structure = d;u = —&’(u)

0:E(u) = &' (u)0:u = —|E(u))> <0 = &(u) is Lyapunov functional
Generalized gradient flow: (Otto 2001)
Otu = —A(grad E(u)) with A(w) = — div(qu)
@ Entropy £(u) = [pq ulog udx = grad &(u) = Bu =logu
Oru = div (uV?i) =div(uVlogu) = Au

@ Cross-diffusion system with gradient-flow structure:
n
o€
Oruj = divy_ Byj(u)V
j=1

@ Onsager principle: (Bjj) is positive (semi-) definite
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Entropy structure

Main assumption

Oru —div(A(u)Vu) = f(u) possesses gradient-flow (or entropy) structure if

Oru — div <BV68H> = f(u),

where B is positive semi-definite, H(u) = [, h(u)dx entropy

@ Derivative of entropy:
6H OH
u)é = / u)&dx, —u(u):h’(u) =w=(w,...,wy)

@ Formulation with entropy variables or chemical potentials w:
Oru — div(BVw) = f(u), B = A(u)h"(u)™?
Lyapunov functional: let f = 0 to simplify
dH
— —/8tu-h’(u)dx_ —/ Vw:BVwdx <0

—w sum over both indices
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[l Population model

Oru — div(A(u)Vu) = f(u) in Q, t >0, u(0)=ug, no-fluxb.c.

Au) = aio + aiitn + a2 aipln 20> 0
a1l a + axiun +anpup ) TV T
e Entropy: H(u) = [o h(u)dx = [o 37 ui(log uj — 1)dx, u € (0, 00)?

@ Entropy product|on. if f=0

dH
CZ/ aio|Vy/ui? + ai| Vui|?)dx < 0

@ Entropy variables: w; = 0h/0u; = log u; = u; = exp(w;) >0
— solve system in w-variables, conclude positivity for density u;
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] lon transport through membranes

Oru —div(A(u)Vu) = f(u) in Q, £ >0, u(0)=uo, no-fluxb.c.
Ajj(u) = Didjjun + Djuj, i,j=1,....n

@ Solvent concentration' up=1- 27_11 uj
@ Entropy: H(u) = [ h(u)dx = [o > i, ui(log uj — 1) but replace
un—l—zn llu, = u=(u1,...,Up-1)

@ Entropy production: if f =0

n—1
¢ [ (@ Ivvar+ [9yak ) <o
Q i=1

@ Entropy variables: w; = 0h/0u; = log(u;j/up) =
evi
uj=——"—"7"-"——¢€(0,1
1y Zj";ll evi (0.1)
@ We obtain lower and upper bounds although generally no maximum
principle applies!
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[l Multicomponent gas mixtures

Oruj —divd; = fi(u) in Q, t >0, u(0)=up, no-fluxb.c.

Vo= =Y ky(uidi— ), i j=1....n

Invert using Perron-Frobenius: J* = A(u)Vu*, where
U*—(Ul,.. Un 1)J —(Jl,...Jn 1)

Entropy: H(u) = [o h(u)dx = [ > i uj(log uj — 1) with
up=1- 27:11 uj

Entropy production: if f =0

n—1
”+c/2|vm2dxso
Q5

Entropy variables: w; = 0h/0u; = log(uj/up) =
eWi
yj=——— € (0,1)
1+3>775 e
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Intermediate summary

Oru — div(A(u)Vu) = f(u) in Q, t >0, u(0)=ug, no-flux b.c.

@ Assume that there exists entropy density h(u) such that
Oru(w) — div(B(w)Vw) = f(u(w)), t>0

@ Entropy variables: w = H'(u), inverse: u(w) = (h')"1(w)

@ Entropy production:
dH y
— + [ Vu:h(0)A(u)Vudx = [ f(u(w)) - wdx
dt  Jo Q

t — H(u(t)) Lyapunov fct. if B pos. semidef. & f(u)-h'(u) <0
@ Lower/upper bounds: if h' : D — R" and D bounded then
u(x,t) = (W) Y(w(x,t)) € D, gives L™ bounds
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Weak solutions
—Au+u=1FfinQ, u=0o0n0dQ (1)

o Let f € [2(Q) = {f : Q — R : 2 integrable}
@ Solution u cannot be C?! Generally, weaker solution concept needed
e Let u € C?() N C°%Q) be a classical solution
@ Multiply equation by v € H:= {v € C}(Q): v =0 o0n 9Q} and
integrate by parts:
/ fvdx = /(—Au + u)vdx = /(Vu - Vv + uv)dx (2)
Q Q Q
@ Advantage: only one derivative needed

Definition
A function u € u € C?(Q) N C°(Q) to (1) is called a classical solution.
A function u € H to (2) is called a weak solution.
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Weak formulation — weak solutions
Weak solutions
(u,v) = /(Vu -Vv+uv)dx = / fv=: F(v)
Q Q

Theorem (Riesz)

Let H be a Hilbert space with inner product (-,-), F : H — R linear
bounded. Then 3lu € H: Vv e H: (u,v)=F(v).

@ Hilbert space = every Cauchy sequence is convergent in H
@ Norm of H={v e C}Q):v=00n0Q}: |[ull} = |lull?, + [ Vul2

@ Problem: H is not a Hilbert space .

@ Counterexample: up(x) = \/1 + 1 x24 L e
0.6

x € Q= (—1,1) converges in C! norm to
u(x)=1—|x| ¢H o

0.2

@ Solution: complete space H with respect to
norm of H

—Gl -0.5 0 0.5 1
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Sobolev space

Definitions:
@ Inner product: (u, V)Hé = [o(Vu-Vv+uv)dx, u, ve C®Q)
o Norm: [|ul|p := (u, u)}j;, ue C=(Q)
@ Sobolev space: H}(Q) equals completion of
{ue Q) : |lully < oo} with respect to norm || - HHé
Properties:
@ H3(Q) is a Hilbert space (every Cauchy sequence converges)
@ Characterization: H}(Q) = {u € L2(Q) : Vu € L?(Q), u=0on 9Q}
(Vu is defined in the sense of distributions, u = 0 in a weak sense)
@ Every function in H}(Q) can be approximated by C§° functions
Examples:
o u(x) =1—|x| is an element of H3(—1,1) with v/(x) =1 for x < 0
and u'(x) = —1 for x > 0 (¢/(0) is not defined)
o u(x)=0forxe (-1,-3)U(3,1), u(x) =1forx € (—3,1) is not
an element of Hj(—1,1) (because of the jumps at x = +31)
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Weak formulation — weak solutions
Weak solutions

(u,v) = /Q(VU-VV—Fuv)dx:/ fv =: F(v)

Q
Theorem (Riesz)

Let H be a Hilbert space with inner product (-,-), F : H — R linear
bounded. Then 3lu € H: Vv e H: (u,v)=F(v).

— 3! u € H}(Q) such that (u,v) = F(v) for v € H}(Q)

Parabolic equations:

/Gtuvdx+/(Vu'Vv+uv)dx:/ fvdx
Q Q Q

@ We need Bochner-Sobolev spaces
L20, T; HY(Q ={u:(0,T) > R:tw|u(t )HH& integrable }

e Difficulty: dyu is generally not a function (but € H3(2)")
@ Details: Evans, Partial Differential Equations, 2010
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Weak formulation of cross-diffusion systems

Oru — div(A(u)Vu) = f(u) in Q, t >0, wu(0)=uy, no-fluxb.c.

@ Weak formulation in density variables u:

(e, v)—i—/QVv:A(u)Vudx:/Qf(u)-vdx

with smooth test function v = (vi,...,v,). More precisely:
n n n
Z(f)tu;, vi) + / Z Ajj(u)Vu; - Vvjdx = / Z fi(u)vidx
i=1 Q=1 25

@ Weak formulation in entropy variables w = h'(u):

(Oru(w), v) —|—/QVV : B(w)Vwdx = /Q f(u(w)) - vdx

@ Initial condition: u(x,0) = u°(x) for x € Q
@ Boundary condition: hidden in functional space L?(0, T; H}(R))
(Dirichlet) or L2(0, T; H}(Q2)) (no-flux)
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For experts only: global existence of solutions

Oru — div(A(u)Vu) = f(u) in Q, t >0, wu(0)=uy, no-fluxb.c.

Assumptions:
e 3 he C%D;[0,00)") convex, H invertible on D C R”
e VueD: zh'(u)A(u)z > CY 1, u?(mfl)z,?, m>1/2
@ A continuous, f(u)-h(u) < C(1+ h(u)) for all u€ D

Theorem (Boundedness-by-entropy method, A.J. 2015)

Let the above assumptions hold, D C R" be bounded, u° ELl(Q) NnD.
Then 3 global bounded weak solution such that u(x,t) € D and

ue 20, T; HY(Q)), 0:ue L%, T;HY(Q))

Tools for proof: Lax-Milgram lemma, Leray-Schauder fixed-point theorem,

entropy production inequality, Aubin-Lions compactness
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Population model for n > 2 species

Oru — div(A(u)Vu) =0in Q, t >0, u(0)=up, no-flux b.c.
A,-J-(u) = (a,'o +ajjup + - a,-,,u,,)é,-j + ajju;

@ Problem: entropy density h(u) = >, uj(log uj — 1) does not work

@ Idea: try h(u) = Y, miuj(log uj — 1) for some 7; > 0
@ Entropy production: only works if m;a;; = m;aji Vi, j

dH < )
Clt_+/§2;ﬂia,'o‘v\/?;| dXSO

Why the condition 7;a;; = m;a;i?

Detailed-balance condition for Markov chain associated to (aj;)
(7;) is reversible measure, i.e. (7;) does not change the dynamics
Detailed balance < Onsager matrix A(u)h”(u)~! symmetric
Detailed balance = t — H(u(t)) is Lyapunov functional
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E s
Large-time asymptotics

Oru+ A(u) = f(u), t>0, wu(0)=1d°

General strategy:
@ Entropy production:

dH ’ /
T (AW). W (1) = (F(u), W ()

@ Assume: (f(u),h'(u)) <0 and (A(u), W (u)) > AH with A > 0. Then

dH
STLAH<0, t>0
dt

@ Integrate inequality over (0, t) (Gronwall lemma):
H(u(t)) < Hw®)e ™, t>0

@ Consequence: entropy converges exponentially fast to zero
@ Question: Does (A(u), h'(u)) > AH hold?
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Large-time asymptotics: examples
Diffusion equation: 0;u = Au with no-flux b.c., u(0) = u°
@ Equilibrium state: v, = const. = |Q|_1 Jq uPdx
@ Entropy production from entropy H(u fQ(u — uoo) dx:

H
dH = 2/(u — Uso)Audx = 2/ |V u|?dx
dt Q Q

@ Poincaré-Wirtinger inequality: for all v € H1(Q),

v—l/ vdx
Q[ Jo 12
7,
u— — udx
Q[ Jg

@ Integration over (0, t):
u(t) = usoli2 = H(u(t))Y? < H(u®)2e t/%, t>0

@ Same result from u(t) = Y22, e Mt(u0, v;)v; since A\; = 1/C3
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Large-time asymptotics: examples

Population model: 9; — div(A(u)Vu) = 0 with no-flux b.c., u(0) = u°
@ Equilibrium state: uy ; = const. = |Q|_1 Jou de
@ Entropy production from entropy H(u) = [o > iy uilog(uj/ s i)dx:

—< a/Z|V\/>| dx <0, «:=min{ai,ax}

@ Logarithmic Sobolev inequality: for all \/v € H(Q)
/ viogvdu < CL/ |V/v[2du, - probability measure
Q Q

o With v = uj/us,i and dp = uy jdx:

—< —aC/ /Zu,

@ Integration over (0,t): H(u(t)) < H(u® )e O‘t/CL, t>0
@ Result cannot be (easily) obtained from spectral theory

=—al/ IH
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How to find entropies?
dA +/ Vu: h'(u)A(u)Vudx <0
dt ' Jq

Goal: find h(u) such that h”(u)A(u) > 0 (positive semidefinite)
@ h"’(u)A(u) > 0: algebraic condition, in contrast to existence analysis
@ Thermodynamics: often h(u) = Y i, uj(log uj — 1) is entropy density
@ There is no general strategy to find entropy density in given system
@ One option: set up thermodynamics which gives free energy £ =
entropy density h(u) = —&(u)
Example: population model with nonlinear transition rates (s > 0)

s—1
Al) = ap + (s + 1)3111Uf + apuj sajpui U3
sapiu; T Uo asy + aouj + (s + 1)axus

Entropy: H(u) = fQ(azluf + algug)dx if (1 — %)312321 < ay1a then

Vu: ' (u)AWw)Vu > azlalouffl\VU1|2 + 312320u571|Vu2|2
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How to find entropies?
(*) Gtu = dIV(A(U)VU), Cilil;l + / Vu: h//(U)A(U)VUdX -0
Q

Definition:
@ (%) has entropy structure <> 3 convex h: (h"A+ ATh")(u) pos. def.
@ A(u) normally elliptic < eigenvalues of A(u) have positive real part
Benefit:
@ Normal ellipticity gives local classical solutions (Amann 1990)
@ Entropy structure helps to obtain global weak solutions (A.J. 2015)

Theorem (X. Chen-A.J. 2019)

e (x) has entropy structure = A(u) is normally elliptic
e A(u) normally elliptic & h"(u)A(u) symm. = (%) has entropy structure

If Ais constant: A normally elliptic < (x) has entropy structure
Thermodynamics: symmetry of h”(u)A(u) expresses Onsager's principle
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Intermediate summary

Oru — div(A(u)Vu) = f(u) in Q, t >0, u(0)=u, no-fluxb.c.

@ Classical solutions cannot be expected: weak formulation
(Oru, v) —|—/ Vv : A(u)Vudx = / f(u) - vdx, v smooth
Q Q
(Oru(w), v) —|—/ Vv : B(w)Vwdx = / f(u(w)) - vdx
Q Q

@ Global-in-time existence of bounded weak solutions possible
@ Difficulty: to find entropy such that h”(u)A(u) > 0

@ Exponential decay to equilibrium if entropy production > entropy
< functional inequality

@ Weak formulation needed for numerical approximation
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Overview

@ Introduction

@ Multi-species systems

o Short primer on diffusion equations
© Modeling

@ Derivation from lattice model

@ Derivation from fluid model
@ Examples
© Analysis
@ Entropy structure
@ Weak formulation — weak solutions
@ Large-time asymptotics
@ How to find entropies?
© Numerics
@ Methods and aims
@ Time discretizations
@ Space discretizations
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Time discretization
Oru = A(u), t>0, u(0)=u°

Implicit Euler method: tx = k7, k € N, 7 > 0 (time step size)

@ Replace d;u(ty) by 771 (u(tx) — u(tx_1)):
vk — vkl =7 A(W¥), keN

@ Solve nonlinear system for uy ~ u(ty)
@ Error estimate: ||u(tx) — uk|| < C||Osul|T, but first order only

Backward Differentiation Formula BDF-2:
o Replace dru(ty) by 771 (3u(t) — 2u(ti—1) + 2u(tk—2)):

%uk —2ukl 4 %uk_2 =71AWY), keN

@ Error estimate: ||u(ty) — ux|l < C2

Explicit Runge-Kutta approximation: error order four
.ok k—1 4 1111
@ ldea: u* —u :TZizl b,'K,', (b1;b2;b3):(67§7§76)
Ki= A1), Ko = AW+ Tk), Kz = AW + k), Ko = A" + 7ks)
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Space discretization
—Au=f inQ, u=0 ond
Finite differences: one-dimensional, x; =in, i€ l, n >0
@ Replace Au(x;) by n72(u(xjy1) — 2u(x;) + u(xi_1)):
—ujy1 +2u; — vy = °f(x;), Qi€
@ Solve linear system in (u;), convergence order 72

@ Sparse matrix, but unflexible in several dimensions

Finite elements:
@ Idea: solve weak formulation in finite-dimensional space H,, (Galerkin)

12

/ Vu-Vvdx = / fvdx, v € Hp, o //\\

Q Q /X

o Example: Hp, = span{hat fct.} % VA N

@ Advantage: leads to sparse matrices = R ° ! 2

Schwammerl-Bob, Hat function.svg
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Space discretization
/ Vu - Vvdx :/ fvdx, v € Hp,
Q Q

o Let Hp =span(vi,...,Vim), U= > UjV;

m

Zu;/Vv,-~V\/jdx—/ fvjdx
—  Jo Q

1 Y —— | S—

=ajj

Finite elements:

@ Linear system AU = b, where A = (aj),
U= (u;), and b= (b,‘)

@ Triangulation: Q = set of triangles

@ Ansatz functions = hat functions

@ Small support — A is sparse matrix

@ Efficient solution, triangulation flexible Inductiveload @Wikipedia
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Space discretization

dvJ=f, J=-Vu inQ, uv=0 ondQ
Finite volumes:
@ Triangulation 7: Q = UkeTK, Ekx = set of edges of K
@ ulk approximated by ux ~ |K|™! [, udx
@ Idea: integrate over K; and apply divergence theorem

/ J-VdSz/fdx, KeT
o oK K
Approximation:

> :/ fdx, Jy = —7o(uL — uk) for o = K|L
K

oe€k

(]

Transmissibility coeff.: 7, = meas(c)/d,
Flux J conserved through 0K

9
°
@ Reduces in 1D to finite-difference method
°

Very flexible, efficient implementation
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Aims of numerical discretization

Consider time-space discretization of d;u + A(u) = f:
Of e + Ax(uf) = £, ue =~ u(xk, t)

Aim: Reproduce numerically as many features of the PDE as possible:
@ mass conservation or mass control:

Z ufdx = Z uddx or Z ugdx < C

KeT KeT KeT
@ nonnegativity and/or upper bounds:

0<uf <C foral KeT, keN
@ discrete energy dissipation or entropy production:
H(u*) + P(u*) < H(u*Y), keN, P¥)>0
@ discrete large-time asymptotics:
H(u*) < Hw®)e ™, keN
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What can go wrong?

@ Fisher-KPP equation:
Oru — Au = u(l — u)

@ Implicit Euler P1 finite
elements

@ Nonnegativity not preserved!

-0.5
0 0.2 0.4 0.6 0.8 1
x

Bonizzoni-Braukhoff-A.J.-Perugia 2019

Ansgar Jingel (TU Wien)

Cross-diffusion systems

@ Drift-diffusion equation:
Oru = div(Vu®/3 — uv o)
AP =u— f(x)

@ Implicit Euler finite volumes

@ Large-time asymptotics may be

poor!
R Energy dissipation
10°
o ¢
10° Yo
Yo,
A4
10 %o,
900
M2
S 10 Ve,
=10 V.
v,
v,
Yy,
15 v,
10 A
o Upwind vvv
10 & sG-IP "vvv 1
s v,
Vv  SG—ext Ve
IO*;, T—eX
0 2 4 6 8 10

Bessemoulin 2012
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Mathematical difficulties: time discretization

Assume that H(u) is entropy for 0;u + A(u) = 0 (multiply by H'(u)):
dH
= O H (1) = ~(A H () <0
o Implicit Euler scheme: v* — u*=1 = 7 A(u¥)

@ Multiply by H'(u*) for convex H:
H(u*) = H(u* ) < (uf = o7 HI(U9)) = —7(A(u¥), H'(d9)) < 0

— entropy is nonincreasing if it is convex
@ Problem: higher-order time discretizations like BDF-2

H(uk) — H(uk_l) £ (%uk —2uk 4 %uk_z, H'(uk))
= —7(A(u5), H'(t¥) <0
o ldeas: modify H(u*) — H(u*, u*=1) or Taylor expansion for

T+ H(u(t)) — H(u(t — 7))
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Mathematical difficulties: space discretization

Entropy H(u) = [, h(u) for O;u = Auin Q, u= 0 on OQ:
dar = / K (u)Audx = —/ VH (u) - Vudx = —/ R (u)Vu - Vudx
da  Jo Q Q

@ Finite-difference discretization in one space dimension:
Oeui +m 2 (= uip1 +2ui —uj—1) =0, i€l
@ Multiply by A'(u;):
% Z h(ui) = Zaru,'h/(ui) =’ Z(_Ui—l-l + 2uj — ui—1)h (uy)
i€l , iel iel
< =2y W () (v — uie1)?
iel
@ Problem: discrete chain rule for VH'(u) = b’ (u)Vu unclear

@ |dea: redefine h”(u) to enforce discrete version of VA (u) = b’ (u)Vu
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Time discretizations
Time discretizations: implicit Euler, BDF-2

Implicit Euler scheme:
T Wk — Y + A(UF) = F(UF),  A(u) = — div(A(u)Vu)
Let H=1 [ 3" 1 (uf)? f(u) - u<0. Then
(u* — ) uF + (A(U¥),u) <0, keN
>H(uk)—H(uk~1) >0
BDF-2 scheme: T_l(%uk —2uk=t 4 Tuk2) + A(UR) = F(uR) |- u
@ “Magic” inequality: for all a, b, ¢ >0
(3a—2b+1ic)a> l(a2 + (22— b)2) — (b + (2b-¢)?)
o Modified entropy H(u*, u =3 fQ 7 ((u9)? 4 (2uk — uFT1)?)dx
H(u*, uk=1) — (uk 1wk )+T(A(u ), H'(u¥)) <0

@ Can be generalized for H(u) = fQ
methods
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(NIl Time discretizations

Runge-Kutta scheme

Motivation: re-definition of entropy is unsatisfactory - can we do better?

Answer: Runge-Kutta methods for

Deu+ A(u) = 0, m@_Lm@w

(]

uk — kTt :TZb,'K,', K,':A<Uk+TZa,'ij>
i=1

Jj=1

o Implicit Euler: s =1, by = aj; = 1 gives vk — u*~1 = 7 A(u¥)
@ Classical Runge-Kutta: s =4, b= (%, %, %, %) ap] = azp = 1,

a3 =1, and aj; = 0 else
Aim: H(u*) — H(uk"1) <0
ldea: fix u:= u¥, interpret v(7) : as function of 7
Define G(7) = H(u) — H(v(7)) and Taylor expansion
G(r) = G(0) +7 G'(0) +37° G"(£) < 7G'(0), 0<&<T

N—— N——" N——
=0 <0 <0

_ k1

e ©
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(NIl Time discretizations

Runge-Kutta scheme
H(u*) — H(u*" 1) = 7 G'(0) +472 G"(¢)
\v/ \V_/

/A YA (u)dx, CRK—2Zb< ~-Y a )
=1 j=1
G"(0) = /Q(CRKh’(u)DA( U)(A(W)) + H'(u)(A(u))?)dx < 0

@ To show:

where DA(u) = Fréchet derivative of A at u
@ Runge-Kutta constant Cgrk:

Crk = 2 (explicit Euler), 1 (Runge-Kutta > 2), 0 (implicit Euler)
Theorem (A.J.-Schuchnigg 2017)
Let uk be Runge-Kutta solution. If G"(0) < 0 then 375 > 0:
Vo < 7 < 7k: H(u¥) —i—T/Q.A(uk)h'(uk)dX < H(uk 1)
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(NIl Time discretizations

Runge-Kutta scheme: linear diffusion system

Oy — Auy = up — 1y,  Oitp — Aup = up — up + no-flux b.c.
Question: do we have G”(0) < 07
G"(0) = — / (Cruch' () DA(u)(A(u)) + K" (1) (A(1))?) dx
Q

@ Operator: A(u) = (Auy + up — u1, Aux + 11 — )

@ Since DA(u)(A(u)) = A(A(u)), deal with fourth-order derivatives

@ Use systematic integration by parts & tedious computations
Theorem

Let u* Runge-Kutta solution of order > 2, H(u) = [, h(u)dx. Then
Irk > 0: V0 < 7 < 7k:

2 Uk2
k) + 7 [ (3 V5 (oguf -~ og )t —U2)> < H(w*)

i=1 i

v
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e e
Space discretizations: aims and difficulties

Finite-element method:

Orty + Ap(uy) =0 in V,, dim V, < oo

o Aim: discrete entropy dissipation % = —(A4,(uy), h'(u,)) <0
@ Problem: Generally, h'(uy,) ¢ V;, cannot be used as a test function
@ Idea: Solve problem in entropy variable w, := h'(u,) € V,,

@ Discrete L* bounds may be obtained without use of max. principle

Finite-volume method:

Oruk + Y Ik =0, Jko fluxon edge o € K

@ Problem: entropy dissipation Y, >~ Jk o - h'(ux) > 0 not clear
@ Aim: obtain discrete analog of entropy dissipation

@ |dea: adapt numerical scheme (e.g. upwinding)

@ Discrete L*° bounds from discrete maximum principle
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Numerics Space discretizations

[ lon transport model

Oru;j = div (D,-(u,,Vu,- —uiVu, + u,,u,-z,-VqS)) inQ, t>0
—A¢p =317 ziui + f(x), ui(0)=1u?, no-flux b.c.

@ Can be written as 0;u = div(A(u)Vu + D(u)V¢)

@ Solvent density up=1-— Z"_ll u; = consider u = (u1,...,Up—1)

e Entropy H(u) = [, h(u)dx, h(u) = 37, ui(log u; — 1) + 3|V |2
@ Entropy varlables w; = Oh/ﬁu, = log(u;/up) + zj¢ gives
deu = div(BVw), B = A(u)h"(u)"r € R"DX(=1) o semidef.
Consequences:

@ H is Lyapunov functional: dH/dt <0
@ L[> bounds for u:

log —. e 0,1
=log—+z¢p = u :

Wi g Un +zi¢ uj = 1+ Z ] ve Zid ( 3 )

Aim: derive discrete L>° bounds and discrete entropy dissipation J
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Numerics Space discretizations

lon transport model: finite-volume scheme

Owuj =divd;,, Ji= D;(unVu,- — u;Vu, + u,,u,-z;dD)
— AP =3"", ziuj+ f(x) inQ, no-flux b.c.
@ Implicit-Euler finite-volume scheme for D; =1, & = 0:
(K: cells, o edges)

(uf K_u/K \K| Z ufy — uf) — ufy(uf = up ) =0
upwind: uf, = uf ( ,L) if up ) —uf, <0 (>0)
@ Discrete entropy: H(uK) =", K|, u,{"K(Iog u}fK -1)
Theorem (Cances-Chainais-Gerstenmayer-A.J. 2018)

o There exists discrete solution u, kx = 0 with E, 1 u, k <1
e (ux) converges to continuous solution and

H(u*) + TKZTU(Z o e — (uﬁL)1/2)2 + (u,’f,K - u,’,iL)z) < H(u* 1)

v
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Numerics Space discretizations

lon transport model: finite-element scheme

Oru(w) —div(BVw) =0, B= A(U(W))h(U(W))_1

Time step size 7 > 0, Galerkin space V;, with dimension < oo
Given wk=1 € V,, solve for wk € V,, and u¥ := u;(w*):

¢ ©

%(u(wk) — u(wk ) — div(B(wF)Vw¥) + ew” = r(u(w")) in V,

(]

L*> bounds 0 < uf‘ < 1 automatically fulfilled
D; may be different, e-term needed for coercivity
Iteration: full Newton needed

e ©

Theorem (A.J.-Gerstenmayer 2018)

Bounds 0 < uf‘ < 1, numerical convergence, discrete entropy production:

H(uk) + m-/ S UKV (k)2 2dx < H(ukY)
Qi
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Numerics Space discretizations

Comparison: finite volumes and finite elements

Question: solve system with concentrations u; or entropy variables w;?

Solve system with concentrations w;:
@ Advantages: no inversion of w — u, drift-diffusion structure may be
exploited (upwind meth.), bounds can be preserved, fast algorithm

@ Drawbacks: simplifying assumptions needed for numerical analysis,
discretization needs to be adapted to satisfy properties

Solve system with entropy variables w;:
@ Advantages: thermodynamic interpretation (w; = chemical

potential), diffusion matrix positive (semi-) definite, straightforward
discretization, numerical analysis possible under natural conditions

@ Drawbacks: need to invert w — u, theory needs e-regularization (only
asymptotically mass-conserving), slow algorithm (highly nonlinear)

In both cases, discrete L° bounds and discrete entropy dissipation )
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Numerics Space discretizations

Application: calcium-selective ion channel

@ Confined oxygen ions in channel r
: . . N
@ lons: calcium uq, sodium up, chloride u3 .
) )
@ Finite volumes, full Newton, Delauney My
mesh of 4736 elements
@ Asymmetric charge distribution in ion channel

Equilibrium: calcium ions (uy) are selected over sodium ions (u2)

0.18 1 Y2
0.16
0.14 0.8 0.02
0.12
01 0.6 - 0.015
0.08 0.4 Y 001
0.06
0.04 0.2
0.02 0.005

0

o 0.5 1
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Numerics Space discretizations

Application: calcium-selective ion channel

@ Recall flux: J; = Di(usVuj — ujVug + ugu;z;®)
@ Relative entropy:

szu,mog( "‘)+ZTUDKU<¢ i

@ Degeneracy (u4Vu;) may prevent exponential decay rate

o Entropy relative to equilibrium

Entropy relative to equilibrium

10 2 10
104 102
10 © 10
10 °©
108
-8
1010 10
107'°
10 12 o 1 2 3
o 200 400 600 800 0 104

Cances-Chainais-Gerstenmayer-A.J. 2019
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Numerics Space discretizations

Application: bipolar ion channel

Nanochannel with 1 nm diameter

(]

Blue: positively charged ions,

red: negatively charged ions

Nat: uq, ClI7: wy

Finite elements, mesh of 2080 triangles, ok NG
full Newton R I R T

U
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e e
Application: bipolar ion channel

Question: What about the rectification behavior?
@ Rectification = converting bidirectional current flow
@ Current flow through pore with cross section A'

apply voltage U, obtain /(U) = z,/J - vds

@ Rectification: r(U) := [I(U)/I(—U)]
@ Compare with standard Nernst-Planck model (u, = 1)

100 8
—e— nonlinear
80 —&—linear 7

6

60

w

40

I[pA]
Rectification
B

20

w

o]

N

-20 1
-150 -100 -50 (o] 50 100 150 o 50 100 150
U [mvV] U [mvV]

Gerstenmayer-A.J. 2019
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Numerics Space discretizations

Multicomponent gas mixtures
Orui —divdi = fi(u) in Q, t >0, u(0)=uwup, no-fluxb.c.

n
Vi == ki(uidj —uik), ij=1....n
j=1

Implicit Euler & P1 finite elements, formulation in entropy variables

Linearize u(wX, ®), use B(w*~1) (semi-implicit)

(]

Different molar masses M;

A.J.-Leingang 2018
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Numerics Space discretizations

Intermediate summary

We discussed. . .

@ Time discretizations: implicit Euler, BDF-2, Runge-Kutta
@ Problem: there is no general discrete chain rule
@ Change definition of discrete entropy (BDF-2)
@ Show that G”’(0) < 0 (Runge-Kutta)

@ Space discretizations: finite volumes, finite element
o Finite volumes: flux conservation through edges, fast algorithms
@ Finite elements: automatic lower/upper bounds for entropy variables,

slow algorithm
@ Structure-preservation: mass conservation, lower/upper bounds,
discrete entropy production
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Numerics Space discretizations

Summary
Oru — div(A(u)Vu) = f(u), t>0
Modeling:
@ Many examples from physics and biology
@ Derivation from lattice or fluid models
@ Cross diffusion may show pattern formation, loss of regularity
Analysis:
@ Entropy structure inspired by thermodynamics
@ Missing regularity makes weak formulation necessary
@ Mathematical formulation needs functional analysis
Numerics:
@ Need for structure-preserving numerical schemes
@ Higher-order time discretizations possible under conditions
@ Space discretizations: obtain entropy-producing schemes
@ Advantage: stable and efficient numerical algorithms compared to
standard discretizations
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